Topological chaos has emerged as a powerful tool to investigate fluid mixing. While this theory can guarantee a lower bound on the stretching rate of certain material lines, it does not indicate what fraction of the fluid actually participates in this minimally mandated mixing. Indeed, the area in which effective mixing takes place depends on physical parameters such as the Reynolds number. To help clarify this dependency, we numerically simulate the effects of a batch stirring device on a 2D incompressible Newtonian fluid in the laminar regime. In particular, we calculate the finite time Lyapunov exponent (FTLE) field for three different stirring protocols, one topologically complex (pseudo-Anosov) and two simple (finite-order), over a range of viscosities. After extracting appropriate measures indicative of both the amount of mixing and the area of effective mixing from the FTLE field, we see a clearly defined Reynolds number range in which the relative efficacy of the pseudo-Anosov protocol over the finite-order protocols justifies the application of topological chaos. More unexpectedly, we see that while the measures of effective mixing area increase with increasing Reynolds number for the finite-order protocols, they actually exhibit non-monotonic behavior for the pseudoAnosov protocol.
The intuitive notion of fluid mixing can be quantified by global measures such as the topological entropy of flow maps, as well as local measures like finite-time Lyapunov exponents. Each can be calculated if given sufficiently detailed knowledge of the advected fluid-particle trajectories, however, experimental or computational limitations might preclude this. Fortunately, if the fluid system has braid-like topological obstructions, such as stirring rods, then we can use the ideas of topological chaos to provide a lower bound on the stretching rate of certain material lines. This, in turn, forces a lower bound on our mixing measure, the finite time Lyapunov exponent, on some fraction of the fluid. This minimally mandated mixing is computable using the algebraic information associated with each braid, and is therefore very useful when confronted with limited fluid flow data. This great simplification comes at a price -the actual mixing could be much larger than the lower bound. Additionally, the area where the fluid is forced to have at least this minimally mandated mixing is not determined by the topological theory, and could be vanishingly small. Ultimately, the degree to which these two issues affect the usefulness of applying topological ideas to fluid mixing will depend on physical parameters of the system, such as the Reynolds number.
I. INITIAL DISCUSSION
Fluid mixing is one of the rare arenas where chaotic motion is not an unwanted phenomenon. Indeed, chaotic advection can help to quantify and optimize the mixing in many industrial applications 1 where the goal is to efficiently combine two or more substances. Similar ideas can also enhance the mixing of polymers, biological samples, or chemicals in microfluidic devices 2 , where low Reynolds numbers preclude turbulent mixing. Even on the much larger scale of oceanic flows, chaotic advection can help to measure the mixing of nutrient concentration, salinity, and temperature 3, 4 . These diverse examples demonstrate the broad application of chaotic advection, which was introduced by Aref 5 over three decades ago.
However, in many systems, the presence of chaotic advection can be reduced or even outright removed by a simple change of physical parameters 6 , and is therefore not a fully robust attribute. Fortunately, there exists a large class of systems in which topological barriers force a certain minimal amount of complexity to be present in the fluid flow, regardless of the value of physical parameters. This robust, topologically-induced, chaos allows us to estimate the minimal mixing in the absence of detailed knowledge of the actual fluid flow. Simple algebraic characteristics of the topological obstructions are sufficient to calculate the lower bound on the mixing forced upon portions of the fluid.
The study of topological chaos, starting with Boyland 7, 8 , has been very fruitful in the past decade and a half [9] [10] [11] [12] . It has branched out from systems with obvious topological obstructions, such as rods in a batch stirring device 13 , to more general systems through the recognition that periodic orbits, acting as "ghost rods"
14 , can serve as topological barriers. Even the restriction that the topological obstructions be part of a strictly periodic motion has been loosened to include quasi-periodic motion 15 . Indeed, the generically non-periodic motion of collections of arbitrary advected fluid-particles can be used to estimate the topological entropy of a natural flow 4 . As we will show, topological chaos is most useful in the low Reynolds number regime of Stokes flow, however it has also been used to great effect in classifying the inviscid flow of collections of point vortices 16 . Aside from its many applications, topological chaos is a beautiful mathematical theory that touches upon varied disciplines such as dynamic systems theory, algebraic topology, and fluid dynamics.
At the heart of topological chaos are two issues that are problematic for applying the theory to real fluids. First, the actual amount of mixing in the fluid could be much larger than the topological lower bound might suggest. In the Stokes limit of low Reynolds number, the motion of the fluid and that of the topological obstructions are well entrained, and it is natural to expect that the lower bound is close to the actual mixing. However, as the Reynolds number is increased, the inertial motion of the fluid results in excess mixing. To account for this, one can include successively more periodic orbits in the set of topological obstructions and the calculated lower bound on mixing will approach that of the actual fluid 14, 17 . This requires sufficient knowledge of the fluid motion to allow the calculation of periodic orbits. If only the motion of the original topological obstructions is known, then it would be useful to know the range in Reynolds number over which the topological theory gives a useful lower bound. The second issue involves the fluid area in which the mixing is at least that of the lower bound. The topological theory does not quantify this area, and indeed the mixing lower bound could be enforced on a vanishingly small fraction of the total fluid domain. Certainly the topologically induced lower bound is useless if it does not reflect the mixing in the majority of the fluid. Both Vikhansky 18 and Finn, Cox, and Byrne 19 have investigated this issue, though only in the Stokes or inviscid regimes and without a quantitative measure of the area participating in a high level of mixing.
To investigate both of these issues and their dependance on Reynolds number, we numerically simulated (see II C) laminar fluid flow due to a batch stirring device (see II A). We varied the stirring protocol to represent three different braids (see II B), one topologically complex and two topologically simple (see fig. (2) ). Likewise, we varied the viscosity of the fluid to give a range of Reynolds numbers. For each simulation, we calculated the finite-time Lyapunov exponent (FTLE) field and extracted measures indicative of the maximum mixing and the area of efficient mixing (see II D).
II. BACKGROUND A. Batch Stirring Device
Batch stirring devices consist of a fluid domain and a set of parallel stirring rods which execute periodic motion. When there is an insignificant amount of fluid transport in the vertical direction, we can consider the fluid domain to be effectively two dimensional. Due to its simplicity and its ability to create complex topology through the braided motion of the stirring rods, this system is well established as an arena to test out new ideas 7 . More specifically, we consider a 2D incompressible Newtonian fluid interacting with three stirring rods in a 4×3 rectangular domain. The stirring rods are disks of radius 0.2, with centers lying on the long axis and separated by a distance of 1. Note that we do not specify the units of length, since the absolute size of the system is not important. The physics of the flow is dictated by the Reynolds number, the ratio of a characteristic distance and velocity to the kinematic viscosity. See fig. (1) for the geometry of this batch stirring device. The overall motion of the stirring rods is comprised of a succession of neighboring pairs of rods switching positions. For each switch the pertinent pair of rods execute circular motion about their relative center, either in a clockwise (CW) or counter-clockwise (CCW) direction. A stirring protocol with a given number of switches is then specified by the location of each switch (left pair or right pair), the type of each switch (CW or CCW), and the order in which they occur. We will naturally identify stirring protocols with an element of the braid group (see II B). During a switch, each rod moves with an average speed of 0.5 units/s. However, the rods do not move at a constant speed, as this would create large accelerations that are not physically possible when a rod starts or stops moving. Instead, the distance a rod has moved along its path during a switch is parameterized by a rescaled time, t → T g (1 − cos (πt/T g )) /2, which preserves average speed and leads to physically realistic movement. Here, T g is the time to execute one switch, which in our case is π seconds.
B. Topological Theory
The topological structures relevant to the batch stirring device are geometric braids. Consider the direct product of the 2D fluid domain with a time dimension flowing downward. In this domain, the periodic motion of the stirring rods trace out the strands of a braid. Once we fix the geometric movement of each rod as it switches position (see II A), all that is left to completely characterize the stirring protocol is the braid topology. We can compactly specify our stirring protocol by describing each braid with its Artin braid generators. Switching rods i and i + 1, labeled left to right, in a counter-clockwise manner is given by the positive braid generator σ i , while switching them clockwise is given by σ −1 i , the inverse of σ i . Now a stirring protocol can be specified by a string of generators, read left to right, which constitute a braid word (e.g. see fig. (2) ). Briefly, we must note that there are many conventions for describing braids. We have followed Birman 20 , whereas others 7,9 instead take time to flow upwards, which is equivalent to switching the association of the positive generator from CCW to CW motion and similarly for its inverse.
FIG. 2.
Braids from left to right: pseudo-Anosov "golden" braid, finite-order (full twist), and finite-order (isotopic to the identity).
For a given stirring protocol, the associated simple algebraic braid word carries a lot of information. Among other things, the braid will determine how much mixing is forced on the surrounding fluid by the movement of the stirring rods. To make this idea more concrete, first consider the flow map, f T (x 0 ) = x (T ), which takes points in the fluid domain and maps them to their final position after being passively transported by the fluid flow for a time T . It is the topological entropy, h f T , or finite-time Lyapunov exponent field, Λ (x 0 , T ), of this map which quantifies the amount of mixing that occurs in this fluid. Including the flow map, there are many maps that are consistent with the given braid word topology, and therefore mutually isotopic. We can group all of these maps together and refer to them collectively as a mapping class. The space of all maps on our domain is partitioned into disjoint mapping classes, each one associated with a different braid. Indeed, the mapping class group 20 of our 3-punctured fluid domain is equivalent to the braid group, B 3 , on three strands.
In each mapping class there is a particular map, the minimal representative, f * , which has the minimum amount of complexity. The complexity is measured by the topological entropy, which tracks the exponential growth rate of distinguishable orbits as time increases. Interestingly, a whole class of braids, pseudoAnosov (pA) braids, have minimal maps with non-zero topological entropy. Through Handel's isotopy stability theorem 21 , this means that every map in a pA mapping class is forced to have a topological entropy at least as large as that of the minimal map. Most importantly, this is true of our flow map,
Thus, if we can force our mixing rods to move in a manner consistent with a pA braid, then the mixing as expressed by the topological entropy of the flow map, will have a well defined lower bound. Through the Thurston-Nielsen classification theorem (TNCT) [22] [23] [24] , every braid can be classified as being either finite-order (fo), pseudo-Anosov (pA), or reducible to a well defined combination of fo and pA components. Finite-order braids have a minimal map with zero topological entropy, and therefore do not force any complexity on each map in the corresponding mapping class. We include two fo braids in our analysis as a baseline for comparison to the pA braid. pseudo-Anosov braids, as we have mentioned, force a lower bound on the topological entropy of every map in the corresponding mapping class. We will refer to this lower bound as the pA topological entropy, h f * pA . Except for a finite number of points, every point in a pA map, f * pA , has an expanding and contracting direction. The common expansion factor, λ pA , is related to the pA topological entropy by
The most general method for calculating the pA topological entropy uses the train-tracks algorithm of Bestvina and Handel 25 , although an algorithm 26 that makes use of Dynnikov coordinates 27 has shown promise 4 . We use a simpler method that takes advantage of the Burau representation 28 of the braid group B 3 . Each braid generator can be represented by a 2 × 2 matrix,
These, along with their matrix inverses, can be used to create a matrix for every braid word. For example, our pA braid, β pA = σ −1 2 σ 1 3 , is represented by 5 8 8 13 . The pA expansion factor, λ pA , is given by the largest eigenvalue of this matrix. For β pA , this results in a value of λ pA = φ 6 , where φ = 1 + √ 5 /2 is the golden ratio.
This "golden braid" has a pA topological entropy per generator of
which is the largest of any braid in B 3 . For each map in the mapping class of our pA braid, there exists 21 an invariant subset, X, of the domain on which the dynamics are as complicated as that of the minimal representative. It follows that fluid flow maps, f T , induced by the pA stirring protocol have a topological entropy h f T ≥ 6 ln (φ). These maps will also be forced to have have local expansion factors which are larger than λ pA on some subset of X (though this connection is subtle). Furthermore, this implies that the FTLE, which is directly related to the local expansion factors (see eq. (14)), is also bounded from below on some some subset of X. However, this theory says nothing about the size of X. Indeed, the area of X could be vanishingly small, in which case the dynamics on nearly the entire domain would not be forced to be complex. This would physically mean that the expected mandatory mixing could have little effect on a real fluid.
C. Numerical Experiment
To numerically solve the Navier-Stokes equations in our domain, we used a finite element method (FEM), with the core of the code coming from the fenics project 29, 30 . More specifically, we used a 100 × 75 rectangular crossed mesh (3 × 10 4 elements) to spatially discretize the pressure field (linear scalar Lagrange elements) and velocity vector field (quadratic vector Lagrange elements). The stability matrix, used for computation of the FTLE (see. eq. (8)) was also treated as a finite element tensor field (quadratic tensor Lagrange elements) and computed in tandem with the pressure and velocity fields. A mesh fitted to the rods would be problematic, as the motion of the rods would exponentially stretch the mesh. Our solution was to use a simple fixed cartesian mesh with a continuous immersed boundary method 31 to enforce the boundary conditions on the rods. The boundary conditions were no-slip for both the outer walls and the rods. We used Chorin's projection method 32 to discretize the equations of motion in time and decouple the pressure and velocity fields. The timestep was chosen using a conservative CFL condition such that the rods take at least 10 time steps to cross the nearest neighbor element distance. The Lagrangian quantities, the positions of particles passively advected by the velocity field and the Jacobian matrix of their orbits (see eq. (7)), were evolved using a fourth-order Runge-Kutta solver. The orbits of these advected particles, initially at the center of each finite element, and the associated Jacobian matrices were then used to calculate the finite time Lyapunov exponent field (see eq. (10)).
The fenics FEM implementation of Corin's projection method for an incompressible Newtonian fluid has been tested on several benchmark flows 30 (see ch. 21), including lid-driven cavity flow, pressure-driven channel flow, flow past a cylinder, and Beltrami flow. It was shown to be a good general solver with a nice balance of convergence properties and computational costs. We did our own convergence study on grids ranging from 60 × 45 to 240×180 (all rectangular crossed grids) for both the final velocity field and the FTLE probability density function (pdf, see II D), at both high and low Reynolds numbers. The quantities generated with the finest grid were taken as a stand-in for the exact solution. The velocity field error (FTLE pdf error) was calculated as the ℓ 2 -norm (absolute value) of the difference between approximate and exact values of the velocity vector field (FTLE pdf) at a few representative points in the domain (few FTLE values). In all cases the order of convergence was between 1 and 2. We chose the 100 × 75 rectangular crossed mesh since it was well within the range of asymptotic convergence and had a computational cost that fit within the time constraints of our study. A relative error of roughly 0.02 for the FTLE pdf calculated on the 100 × 75 rectangular crossed mesh (for most FTLE values) indicates that we can safely draw both quantitative and qualitative conclusions from our simulations. While the main data represented in figures (7-9) were generated on this grid, figures (3-6) were created using the 240 × 180 rectangular crossed grid to better highlight the fine structure.
For each simulation we chose a specific braid and Reynolds number. We considered three braids (see fig. (2) ), one pseudo-Anosov -β pA and two finite-order, full twist -β ∆ 2 & equivalent to the identity -β Id .
The pA braid was chosen because it has the largest topological entropy per generator, ln φ, of any three stranded braid. This "golden braid," should look familiar to those of you who have braided hair before. The two finite-order braids are included to provide a baseline against which we compare the behavior of the pA braid. Each braid has six generators, which alternate sides to ensure that the rods return to their original positions, and thus correspond to one period. It is also important to note that for all three stirring protocols, the total length that the rods traverse is identical. Therefore, at least for low Reynolds numbers, the work done by the rods on the fluid is the same for each braid. Any mixing differences between the three braids will be due to topology alone. For each braid we simulated a range of Reynolds numbers (Re : 0.2 − 100), with samples evenly spaced in log 10 Re and double the sampling density near the center of this range. We varied the kinematic viscosity to achieve this range, since Re is calculated from the rod diameter, average rod speed, and kinematic viscosity. While this range is squarely in the laminar regime, we will see that it is large enough to encompass an interest-ing range of behavior.
D. Measuring the Mixing
The existence of fluid mixing requires that material lines experience both stretching and folding 33 . In our fluid, stretching is enforced by topology and folding is guaranteed by the boundedness of the fluid domain. We would like to be able to quantify the amount of fluid mixing that our stirring rods create for each simulation. While there are many different mixing measures to consider, we have taken the dynamic systems point of view 34 in informing our choice of measure. A global measure, such as the topological entropy of the corresponding particle advection map, does not help us deal with the question of what area participates in a high level of mixing. For this we need a local measure, like the finite-time Lyapunov exponent (FTLE), Λ (x, T ), which we can evaluate throughout the fluid domain.
Roughly, the FTLE measures the maximum exponential rate of separation between an advected particle's trajectory and all other particle trajectories that started sufficiently close. If the separation between two particles is |δx 0 | initially, then their separation after the simulation time T is |δx (T )| ≃ |δx 0 | exp (ΛT ). Thus, regions of our fluid that have a high FTLE will be greatly stretched out in the course of the stirring protocol. This introduces fluid parcels to other, initially far away, fluid parcels, which enhances the mixing due to molecular diffusion.
The finite-time Lyapunov exponent can be connected to other mixing ideas such as tracer gradients 35 , advected particle concentration 36 , and the advection-diffusion equation 37, 38 . The FTLE has been used to characterize chaotic fluid flow via its power spectrum 39, 40 and quantify the performance of micro-mixers 41 . The FTLE has even been used to measure the degree of mixing in the Antarctic polar vortex through observational data 42 and predict the rate of chemical reactions in experiments 43 . To make the intuitive notion of a FTLE more concrete and computable, consider the Jacobian matrix J t ij (x 0 ) = ∂x i (t) /∂x j (0), which transports linearized neighborhoods under the fluid flow, δx (t) = J t (x 0 ) δx 0 . One can then use the maximum eigenvalue, λ max , of J T at each point, x 0 , to calculate the FTLE field,
To find J T (x 0 ), integrate
along the trajectory, x (t), of each advected particle, starting with J 0 (x 0 ) = 1. Here,
is the stability matrix, which describes the linear shearing on a neighborhood of x due the fluid flow 44 .
Since the Jacobian has the semi-group property, we can split up the Jacobian and express the FTLE as
where N ∆t = T andû 0 is a unit vector. Then Λ (x 0 , T ) is found by maximizing over all directions ofû 0 . In practice, most allû 0 will quickly converge, through the action of J ∆t , to the maximum stretching direction. Therefore, Λ (x 0 , T,û 0 ) is fairly insensitive toû 0 , and we can pick a convenient vector. We can simplify further to arrive at
where
andû 0 is chosen in some consistent, but unimportant, direction 45 . This expression suggests calculating J ∆t (x (i∆t)) and S i concurrently with each particle trajectory, and keeping a running sum of ln S i . The periodic normalization, orthonormalization if keeping track of the minimum FTLE as well 46 , obviates the need to find the spectrum of an overall Jacobian that might be ill-conditioned.
With this algorithm, we computed the FTLE at the center of each lattice element, resulting in a good approximation of the FTLE map, Λ (x 0 , T ) (e.g. see fig. ( 3) or fig. (4) ). In order to capture the entirety of the motion and make the FTLE comparable to the pA topological entropy (e.g. see Eq. (14)), the time, T, used in the computation of the FTLE was chosen to be equal to the stirring protocol time of 6π seconds. Note that these maps give fairly intuitive information about where the mixing is occurring. each FTLE field a few simple measures. As a partial step in this direction, consider the FTLE probability density function (PDF), ρ (Λ), for each FTLE map, where the probability measure is the fractional area. Thus the fraction of the total fluid domain that has FTLE between Λ 1 and Λ 2 is given by Λ2 Λ1 ρ (Λ) dΛ. The PDF of each FTLE map provides useful information in its own right, e.g. see figures (5) (6) , and allows us a convenient way to define three useful measures of mixing.
The first is the maximum FTLE, Λ max , which is calculated as the FTLE value for which 99% of the fluid by area has a smaller FTLE value,
The value of 0.99 is used instead of something closer to 1, to ensure that the finite grid size does not result in widely fluctuating values of Λ max across different Reynolds numbers. Thus, the actual maximum value of the FTLE map, given by the first FTLE value, Λ * max , such that Λ * max 0 ρ (Λ) dΛ = 1, will be slightly larger than Λ max . As we will see, the minimal mixing mandated by the TN theory will show up most clearly in a plot of the maximum FTLE.
The second measure is the area-averaged FTLE, Λ, and is simply the first moment of the PDF,
It provides a way to track the level of mixing in the majority of the fluid, and is therefore useful for addressing how much of the fluid is compelled to have a high level of mixing by the pA stirring protocol . The final measure is the fractional area in which the FTLE value is larger than the normalized pA topological entropy, A pA . To compare the FTLE values with the pA topological entropy, we must first normalize the latter. Both the pA topological entropy and the FTLE are given as the logarithm of a stretching factor, ln (λ pA ) and ln (λ max ) /T respectively. Since we should be able to compare the two stretching factors, we need to divide the pA topological entropy by the total time, T = 6π, in order to make meaningful comparisons to FTLE values. Thus, the normalized pA topological entropy is
Now the final measure, A pA , is defined as
With the max FTLE, area-averaged FTLE, and fractional area measure in hand, we can now compare them across different Reynolds numbers and different braids.
III. RESULTS
Consider the collection of FTLE maps in fig. (4) . Just by visual inspection, it is apparent that at the lowest Reynolds number, Re = 0.2, the pA stirring protocol has an appreciably higher level of mixing over a larger area than either of the finite-order stirring protocols. The main reason for this difference is topology, as we can see in the FTLE probability density, fig. (5) , for each braiding protocol at this Reynolds number. Notice that at a FTLE value equal to the normalized pA topological entropy (Λ pA = 0.1532), there is a "bump" in the pA PDF caused by the topologically mandated exponential stretching of material lines. (14), is shown as a vertical line for reference.
The other bump at Λ ≃ 0.06 is likely due to subexponential stretching associated with fluid outside the central mixing region. When the simulation was run for twice as long (pA braid: σ The size of the Λ pA = 0.1532, exponential stretching, bump is largest in the Stokes regime, where a large quantity of fluid is entrained with the stirring rods. Indeed, at higher Reynolds numbers, the PDFs for all three stirring protocols begin to converge (see fig. (6) ). This can likewise be seen in fig. (4) , where the difference between the three protocols is less visible for the two higher Reynolds numbers. To uncover the range of Reynolds numbers over which the pA stirring protocol retains its advantage, we must look at the individual measures for each FTLE map, starting with the maximum FTLE.
The maximum FTLE, Λ max , over the Reynolds number range is plotted in fig. (7) . It clearly shows that while the pA stirring protocol has a larger Λ max value than that of either finite-order protocol over the entire Re range, there are distinct regions based on the size of this gap.
For Re 2, where this Λ max gap between pA and fo protocols is largest, we see only a very weak Reynolds number dependence. This insensitivity to Reynolds number also shows up in a comparison of FTLE PDFs, and is reflective of the fact that the fluid is in the Stokes flow regime. In this regime, topological differences have their largest effect on mixing. Indeed, the normalized pA topological entropy, shown in fig. (7) , is a lower bound on Λ max for the pA protocol but not for either of the two finite-order protocols. That it is not a tight lower bound simply reflects that along a closed material line which is forced to have the proscribed topological stretching in aggregate, there will be sections with both larger and smaller local stretching. This roughly accounts for the spread in FTLE about the "bump" in probability density shown in fig. (5) .
For slightly larger Reynolds number, there is a transitional region, 2 Re 8, where the increasingly important inertia of the fluid causes the Λ max of the finite-order protocols to rise. The pA protocol has a Λ max that remains flat in this region, indicating that the lower bound on mixing set by the topology is still large enough to dictate the maximum mixing.
For the region Re 8, all three protocols behave similarly, and the Λ max is dictated not by topology, but by the inertial motion of the fluid. As a brief aside, note that in this regime, Λ max appears to scale linearly with log Re. Many studies [47] [48] [49] [50] , both experimental and numerical, have shown that mixing due to chaotic advection increases with Re in the low Reynolds number, nearStokes, regime. Interestingly, mixing due to chaotic advection can actually decreases at high Re in the turbulent regime 51, 52 . So far we have seen that the topological lower bound on mixing is useful for describing the level at which maximum mixing occurs when the fluid is in the Stokes regime. However, to get a sense of the size of the fluid area that participates in a high level of mixing, we must look at the behavior of the two remaining measures. First, consider the area averaged FTLE, Λ, in fig. (8) . While it does not directly measure area, Λ is larger for fluids that have a larger fraction of their area participating in a high level of mixing.
In the Re 2 regime, we see that the topology of the pA stirring protocol forces Λ to be larger than it is in the finite-order protocols. Thus, we can put to rest any worry that the mandated high level of mixing only occurs on a vanishingly small area. In the transitional region, 2 Re 8, the area averaged FTLE actually decreases for the pA protocol. At first this might seem unexpected, as the same is not true of the two finite-order protocols, and Λ max did not decrease for the pA protocol. However, as the Reynolds number increases through this region, less and less of the fluid is viscously entrained with the stirring rods, and therefore less of the area is forced to have the minimal mixing. Eventually, for high enough Reynolds number, Re 8, dynamic mixing due to the greater importance of fluid inertia is the dominant source of mixing. Finally, we consider directly the area affected by the pA stirring protocol through a plot, fig. (9) , of the frac-tional area, A pA , over which the FTLE is greater than the normalized topological entropy, Λ pA . This shows that in the Stokes regime, between 1/6 and 1/5 of the fluid mixes at or above the level enforced by topology. This is larger than the area of the fluid which is in the direct path of the moving rods and smaller than the area inclosed by this path. We also see a dip in the fractional area in the 2 Re 8 range, which follows from the notion that with increasing Reynolds number, less of the fluid is entrained with the stirring rods. While the area of topologically enforced mixing decreases for Re 2, it is important to note that the pA stirring protocol still has higher values of Λ max , Λ, and A pA , albeit at a much reduced advantage with respect to the finite-order protocols.
IV. CONCLUSION
Topological chaos guarantees that the advection map associated with a pseudo-Anosov stirring protocol will have a topological entropy at least as large as that of the minimal representative in the corresponding mapping class. This topologically imposed lower bound on the mixing could potentially be both very loose, and supported on a vanishingly small fraction of the fluid domain. Fortunately, neither of these issues are problematic in the Stokes regime. For Re 2, the gap between the maximum FTLE of the pA and finite-order protocols is larger than for any other Reynolds number range tested, and consistent with the topological lower bound. The two area related measures, the area averaged FTLE and the fractional area with a FTLE greater than the normalized pA topological entropy, indicate that the area of topologically enforced mixing is comparable with the area enclosed by the stirring rods.
However, at higher Reynolds numbers, Re 8, topologically enforced mixing is overshadowed by the dynamic mixing due to the increased importance of fluid inertia. In this range, the differences between the three stirring protocols are minimal. Topological mixing still enforces larger max and average FTLE values for the pA protocol compared to the finite-order protocols, however the difference becomes an increasingly smaller fraction of the total.
In the transitional region, 2 Re 8, a somewhat unexpected phenomenon occurs. Before the dynamic mixing becomes dominant, the area of support for topological mixing decreases. This is reflected in the dip in average FTLE and fractional area, A pA , and results when less fluid is entrained with the string rods due to decreased viscosity.
Overall, these results affirm that topological chaos is best suited for investigating fluid mixing in the Stokes regime. For higher Reynolds numbers, the area of topologically enforced mixing decreases, and is eventually overcome by dynamic mixing associated with fluid inertia.
